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Primordial black holes (PBHs) are one of the candidates to explain the gravitational wave (GW) signals
observed by the LIGO detectors. Among several phenomena in the early Universe, cosmic inflation is a
major example to generate PBHs from large primordial density perturbations. In this paper, we discuss the
possibility to interpret the observed GW events as mergers of PBHs which are produced by cosmic inflation.
The primordial curvature perturbation should be large enough to produce a sizable amount of PBHs and
thus we have several other probes to test this scenario. We point out that the current pulsar timing array
(PTA) experiments already put severe constraints on GWs generated via the second-order effects, and that
the observation of the cosmic microwave background (CMB) puts severe restriction on its µ distortion.
In particular, it is found that the scalar power spectrum should have a very sharp peak at k ∼ 106 Mpc−1
to fulfill the required abundance of PBHs while evading constraints from the PTA experiments together
with the µ distortion. We propose a mechanism which can realize such a sharp peak. In the future, simple
inflation models that generate PBHs via almost Gaussian fluctuations could be probed/excluded.
I. INTRODUCTION
The first detection of a gravitational wave signal was an-
nounced by the LIGO-Virgo Collaboration [1]. This event,
GW150914, comes from a merger of two black holes (BHs)
whose masses are 36+5−4 M and 29+4−4 M. Later, another
BH-BH merger event, GW151226, was reported [2], whose
masses are 14.2+8.3−3.7 M and 7.5+2.3−2.3 M, and also there is a
possible candidate of a BH binary, LVT151012. The event
rate of BH-BH merger is estimated as 9–240 Gpc−3 yr−1 by
LIGO-Virgo Collaboration [3]. These remarkable results
motivate us to explore the origin of those BHs.
Primordial Black Holes (PBHs) are one of the candidates
to explain observed gravitational wave (GW) events [4–8].
They are formed in the very early stage of the Universe be-
fore any astrophysical objects exist if the overdense region
collapses overcoming the pressure force [9–11]. Cosmic in-
flation is a major example to generate such large density
perturbations in the early Universe. For instance, if the in-
flaton potential has a plateau regime, large superhorizon
fluctuations are produced while the inflaton goes through
that regime. Later, the formation of PBHs can occur at the
horizon reentry of the perturbed region [12–14].
Since the primordial density perturbation for the large
scales, ¦ 1Mpc, must satisfy the COBE normalization, we
need a mechanism to enhance it only at the small scale so
as to generate PBHs. However, such an enhanced small
scale perturbation could be probed by the spectral dis-
tortion of the cosmic microwave background (CMB). The
µ distortion is one example to probe such a small scale
perturbation [15, 16], which indicates the effective pho-
ton chemical potential due to the inefficient photon num-
ber changing interactions. Thus, inflationary PBHs with
4×102M ®M ® 4×1013M are constrained [16].1
1 Here we adopt the simple analytic analysis [11] to relate the frequency
Moreover, a significant amount of tensor perturbation,
namely GWs, is simultaneously produced by the large
scalar perturbation via the second-order effects, which
could leave observable signals [17–20]. Roughly speak-
ing, the energy-momentum tensor of the first order scalar
perturbations acts as the source term in the equation of
motion for GWs [21, 22]. For an inflation model that can
be an origin of PBHs, these contributions to GWs tend to
be much larger than the first order tensor perturbations
from the Bunch-Davies vacuum fluctuations because the
required scalar perturbations are so large. Interestingly,
current pulsar timing array (PTA) experiments [23–25] al-
ready put severe constraints, in particular, in the mass
range around 0.1M ® M ® 10M.1 This range is relevant
for the LIGO events if we would like to interpret them as
PBH mergers.
In this paper, we discuss the possibility to interpret the
LIGO events as GWs from mergers of PBHs which origi-
nate from superhorizon fluctuations during inflation. We
demonstrate that the PTA experiments and theµdistortion
play important roles to probe this scenario,2 taking a dou-
ble inflation model [13, 28–32] as an example. We will show
that the scalar power spectrum should have a sharp peak
at k ∼ 106 Mpc−1. Most parameters of the above model are
excluded, since it is difficult to achieve such a steep spec-
trum owing to the slow roll condition. We have proposed a
new mechanism to sharpen the spectrum in the double in-
flation model to elude those constraints. Several inflation
models which might yield the required sharp spectrum are
mentioned.
The organization of this paper is as follows. In Sec. II,
we review the formation of PBHs and basic formulas. In
of the curvature perturbation with the PBH mass (i.e., γ = 3−3/2). See
Uncertainties in Sec. III.
2 See e.g., Refs. [26, 27] for other constraints from the PTA experiments.
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2Sec. III, the possibility to interpret the LIGO events as PBH
mergers is investigated. It is shown that the curvature
perturbations are severely constrained by the PTA experi-
ments and the µ distortion of CMB. Parametrizing the cur-
vature perturbation in a simple form, we have shown that
the power of the curvature perturbation has to be large
(See Fig. 4 for instance). In Sec. IV, we concretely discuss
whether PBHs can be an origin of LIGO events, taking the
double inflation model as a concrete example. Sec. V is de-
voted to conclusions.
II. PBH FORMATION
PBHs are formed when an overdense region overcomes
the pressure force and collapses. Cosmic inflation can gen-
erate such an overdense region from large curvature per-
turbations, Pζ. The formation of PBHs occurs when the
perturbed region reenters the horizon.
In the following, we review the formation of PBHs, as-
suming that the large primordial density perturbation on
a small scale is somehow generated during inflation with-
out conflicting the observed CMB spectrum. See Sec. IV for
a concrete example of the inflation model. We follow the
conventional analysis for the formation of PBHs [11, 33].
Note that there exist attempts to refine it.3
PBH mass-frequency relation. In the simple analysis,
the mass of PBH is proportional to the horizon mass at the
horizon reentry of an overdense region. It is estimated by
M (k ) = γρ
4piH −3
3

k=a H
' γMeqp
2
g∗,eq
g∗
 1
6

keq
k
2
'M
 γ
0.2
 g∗
10.75
− 16  k
1.9×106 Mpc−1
−2
(1)
'M
 γ
0.2
 g∗
10.75
− 16  f
2.9×10−9 Hz
−2
, (2)
where we have assumed that PBHs are formed in the
radiation-dominated era, and the frequency is defined as
f ≡ k/(2pi). g∗ and g∗,eq = 3.36 are the effective degrees
of freedom for energy density at the PBH formation and
the matter-radiation equality, respectively. For solar-class
PBHs, g∗ is roughly given by ' 10.75. It can be seen that
such PBHs indeed correspond with f ∼ nHz where the
PTA experiments have their sensitivities. M (k ) represents
the mass of PBH that is produced when the comoving mo-
mentum k reenters the horizon, k = a H ; γ is the ra-
tio between the PBH mass and the horizon mass; keq is
the comoving momentum that reenters the horizon at the
matter-radiation equality; and Meq is the horizon mass at
the matter-radiation equality. The simple analytic estima-
tion suggests γ= 3−3/2 ' 0.2 [11], and we take it as a fiducial
value in the following.
3 See e.g., Refs. [34–41] and a recent review [42] for the critical collapse
effect, and e.g., Refs. [43–45] for the discussions on the threshold.
PBH abundance. To estimate the abundance of a PBH
with a mass M (k ), we need to know the probability that the
density perturbation with a scale k exceeds the threshold
δc for a given power spectrum of curvature perturbations,Pζ. In this paper, we adopt a simple analytic estimation
δc = 1/3 [11]. Assuming that the density perturbation fol-
lows the Gaussian distribution, the probability is obtained
from4
β (M ) =
∫
δc
dδp
2piσ2(M )
e −
δ2
2σ2 (M ) ' 1p
2pi
1
δc /σ(M )
e −
δ2c
2σ2 (M ) .
(3)
Here σ2(M ) is the variance of the coarse-grained density
contrast associated with the PBH mass M , which is given
by [47]
σ2(M (k )) =
∫
d ln q W 2(q k−1)16
81
 
q k−1
4Pζ(q ). (4)
W is the window function smoothing over the correspond-
ing scale k−1. We adopt the Gaussian one in the following
analysis, W (x ) = e −x 2/2. By using β (M ), one can estimate
the energy density converted to PBH with a mass M at the
horizon reentry as γβ (M (k ))ρ|k=a H . Since PBHs behave as
matter after their production, the energy fraction of PBHs
grows until the matter-radiation equality. Taking this ef-
fect into account, one can estimate the abundance of PBHs
within M –M +d ln M as follows:
ΩPBH(M )
Ωc
' ρPBH
ρm

eq
Ωm
Ωc
=

TM
Teq
Ωm
Ωc

γβ (M ) (5)
'

β (M )
1.84×10−8
 γ
0.2
 3
2

10.75
g∗(TM )
 1
4

0.12
Ωc h 2

M
M
− 12
,
(6)
where Ωm (Ωc ) is the current density parameter of mat-
ter (DM), and we used the recent value for the DM den-
sity Ωc h
2 ' 0.12 [48]. TM is the temperature at the forma-
tion of a PBH with mass M , and Teq is the temperature at
the matter-radiation equality. Note that a typical value of
the curvature perturbation to produce a sizable amount of
PBHs is Pζ ∼ 0.01. The total abundance of PBHs can be
expressed as
ΩPBH,tot =
∫
d ln M ΩPBH(M ). (7)
4 Throughout this paper, we focus on the case where the curvature per-
turbation is dominated by the Gaussian distribution. For models with
enhanced non-Gaussianity, a sizable amount of PBHs can be produced
with a smaller/larger amplitude of the curvature perturbation depend-
ing on the sign of non-Gaussianity. As discussed in Ref. [46] (and we will
mention later), the GWs from second-order effects can be reduced by
this effect.
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FIG. 1. Black dashed line: the PBH mass spectra for parame-
ters given in Eq. (26) (ckin > 0). Cyan solid line: that for param-
eters given in Eq. (29) (ckin < 0). Observationally excluded regions
which do not depend on the production mechanism of PBHs are
represented by gray-shaded regions: extragalactic gamma rays
from Hawking radiation [49], femtolensing of known gamma ray
bursts [50], white dwarfs existing in our local galaxy [51], Kepler
micro/millilensing [52], EROS/MACHO microlensing [53], and
accretion constraints from CMB [54]. See also [8] for a recent sum-
mary of observational constraints on PBHs.a We then show the
constraints on inflationary PBHs in the orange and green shaded
regions: the secondary GW constraint with use of the EPTA exper-
iment [24] and the current µ distortion constraint |µ| < 9× 10−5
by green- and orange-shaded regions for a monochromatic mass
spectrum. Note that the exact constraints depend on the shape
of the power spectrum and therefore the illustrated green/orange
constraints are just rough indicators. (See also discussion on un-
certainties at the end of Sec. III.) We have provided two sample pa-
rameter sets of the double inflation model as an example, which
will be discussed in Sec. IV. Both black dashed [Eq. (26)] and cyan
solid [Eq. (29)] PBH mass spectra seem to avoid these constraints
in this figure, but the black dashed one is actually disfavored by
PTA constraints as shown in Fig. 2.
a After the submission of this paper, Niikura et al. [55] has shown
significant microlensing constraints on 10−13M ®M ® 10−6M with
use of the Subaru Hyper Suprime-Cam.
III. PBH MERGERS AS LIGO EVENTS
In this section, we explore the possibilities to interpret
the LIGO events as mergers of PBHs which originate from
inflationary fluctuations. In particular, we point out that
the current PTA experiments and the µ distortion of CMB
already provide severe constraints at the mass scale rele-
vant to the LIGO events.
Event rate of PBH mergers. The LIGO-Virgo Collab-
oration estimated the event rate of BH-mergers as 9–
240 Gpc−3 yr−1 (90 % C.L.) [3]. As discussed in Ref. [6], the
required fraction of PBHs is around ∼ 10−3–10−2 so as to
reproduce the estimated event rate, which is disfavored by
the CMB observation. However, note that there are sev-
eral uncertainties; for instance, the above fraction is an or-
der of magnitude estimation under several simplified as-
sumptions as mentioned in [6], and the FIRAS constraint
could be weaker if one assumes a smaller duty cycle pa-
rameter than that in [54] as discussed in [8] (though it has
been recently claimed that the WMAP3 constraints might
be stronger if Planck’s results are used instead [56]).5 Also
the observed number of GW events is still quite small.
Therefore, we cannot immediately exclude the possibilities
of the PBH-explanation for the LIGO events. In this sense,
it is of quite importance to test this scenario by combin-
ing other experiments. See Fig. 1 for the summary of PBH
constraints.
Induced GWs and PTA experiments. Here we summa-
rize the production of GWs via the second-order effects and
show that the PTA experiments could probe GWs associ-
ated with the PBHs for the LIGO events. For the sake of
completeness, we clarify the notation and conventions in
App. A, since there is confusion in the literature.
As pointed out in Refs. [17–20], a large curvature pertur-
bation can yield a significant amount of GWs that can ex-
ceed the usual vacuum contribution. This is because the
curvature perturbations act as a source term in the equa-
tion of motion for GWs. Importantly, those GWs are en-
hanced at the frequency where the curvature perturbation
becomes large. To understand this intuitively, let us briefly
sketch the production of GWs. GWs are generated when
such a large curvature perturbation reenters the horizon.
After the production, they are redshifted since they behave
as radiation, while the source term decreases much faster.
As a result, the production of GWs is dominated at the hori-
zon reentry of the perturbed region, and the peak of the
GWs corresponds to that of the curvature perturbation.
The current density parameter of GWs can be expressed
as
ΩGW(η0, k ) =

a 2c Hc
a 20 H0
2
ΩGW(ηc, k ) =Ωr,0ΩGW(ηc , k ), (8)
where a0(= 1) and ac are scale factors at present and at the
time ΩGW becomes constant respectively. ηc represents a
conformal time (before the matter-radiation equality ηeq)
after which the GW density parameter becomes constant.
Ωr,0 is the density parameter of radiation at present. Thus,
all we have to compute is the density parameter atηc (A47):
ΩGW(ηc , k ) =
8
243
∫ ∞
0
dv
∫ 1+v
|1−v |
du
4v 2−  1−u 2 + v 22
4v u
2
×Pζ(k v )Pζ(k u )I 2(v, u , k/kc ),
(9)
Note that the overline indicates the oscillation time aver-
5 Indeed after the submission of this paper, several authors [57–59]
reevaluate the constraints and find that the conservative ones should
be much weaker than [54].
4age. Here the integrand kernel is given by (A45)
I (v, u , x )≡
∫ x
0
dx¯

k
a (η¯)η0
a0

kGk(η, η¯)

f (k˜,k− k˜, η¯)
=
∫ x
0
dx¯ x¯ sin (x − x¯ ) 3Ψ(v x¯ )Ψ(u x¯ )
+ x¯

Ψ(v x¯ )uΨ ′(u x¯ ) + vΨ ′(v x¯ )Ψ(u x¯ )
	
+ x¯ 2u vΨ ′(u x¯ )Ψ ′(v x¯ )

,
(10)
where the scalar transfer function is given by (A38)
Ψ(x ) =
9
x 2

sin
 
x/
p
3

x/
p
3
− cos  x/p3 (11)
in the radiation-dominated era. We have used the follow-
ing notation, x ≡ kη, and x¯ ≡ k η¯. This expression is
valid for modes that enter the horizon in the radiation-
dominated era, as long as η<ηeq.
It is instructive to consider the delta-function spectrum,
Pζ = Aδ(log k − log k∗), (12)
to get an order of magnitude estimation of ΩGW. One finds
ΩGW =
8
243
A2

1−

k
2k∗
22 k∗
k
2
θ

1− k
2k∗

I 2

k∗
k
,
k∗
k
,
k
kc

.
(13)
Although the function I is complicated, one can show that
this GW spectrum becomes maximal at the momentum of
kp = 2k∗/
p
3. The resultant GW spectrum may be esti-
mated at the peak momentum as follows (see Eq. (A57)):
ΩGW(η0, kp )h
2 ∼ 1.2×10−8

Ωr,0h
2
4.2×10−5

A
10−2
2
. (14)
One can see that large curvature perturbation required
for PBH formation, Pζ ∼ O (0.01), yields a substantial
amount of GWs, compared with the current PTA con-
straints ΩGWh
2 ® 10−9 on f ∼ nHz [23–25] as described be-
low in detail.
The PTA experiments are sensitive at the frequency of
10−9–10−8 Hz. As one can see from Eq. (2), the correspond-
ing PBH mass is around ∼ 42γM–0.42γM. The range de-
pends on the uncertain factor γ, which denotes how ef-
ficiently the radiation inside the horizon collapses to be-
come a PBH at the horizon crossing. In the simple analysis,
it is estimated as γ = 3−3/2 ' 0.2. The LIGO events ranging
from 7.5M to 36M could be probed by the PTA experi-
ments if they come from mergers of PBHs which originate
from inflationary fluctuations.
The current PTA experiments already put restrictions on
GWs of the relevant frequency. Fig. 2 shows the present se-
vere three constraints, i.e., NANOGrav [23], EPTA [24], and
PPTA [25], and the future prospect of SKA [60, 61]. The cur-
rent constraint reaches ΩGWh
2 ∼ 10−9 at the frequency of
EPTA
NANOGrav
PPTA
SKA
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2
FIG. 2. Black dashed line: the induced GW spectra for parameters
given in Eq. (26) (ckin > 0). Cyan solid line: that for parameters
given in Eq. (29) (ckin < 0). We also plotΩGW(k ) =ΩGW, peak(ki /k )4 in
a black dotted line for comparison. The current three severe con-
straints, i.e., NANOGrav [23], EPTA [24], and PPTA [25] are shown
in green-shaded regions. The prospect of the SKA sensitivity is
shown in a green dotted line [60, 61]. Although the case of ckin > 0
is marginal, we cannot immediately exclude it because of the un-
certainty of the factor γ. A slightly small γ is enough to elude this
constraint.
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FIG. 3. Black dashed line: the scalar power spectra for parame-
ters given in Eq. (26) (ckin > 0). Cyan solid line: that for parame-
ters given in Eq. (29) (ckin < 0). Here we show the constraints from
theµdistortion with the current constraint |µ|< 9×10−5 [62]by an
orange-shaded region and the future prospect |µ| < 10−9 [63, 64]
by a orange dotted line.
f ∼ (2–3)×10−9 Hz. It is so severe that the required amount
of PBHs, ΩPBH/Ωc ¦ O (10−4), cannot be produced at this
frequency as one can infer from Eqs. (3), (4), (6), and (13).
Thus, a larger γ, O (0.1)  γ ® 1, is already ruled out. We
take γ= 3−3/2 as a fiducial value.
µ distortion. The CMB spectral distortion would be
another severe constraint on the primordial small scale
perturbations.6 In the standard cosmology, the small scale
perturbations are erased due to the friction between the
6 See Refs. [65–67] for other probes of small scale perturbations that
might be relevant. Though they are sensitive to a slightly smaller scale
than the µ distortion which we will discuss, their constraining power is
similar.
5photon fluid and the baryon plasma called the Silk damp-
ing, and yield entropy production. While the plasma is
soon rethermalized after the entropy production in the
sufficiently early Universe, the rethermalization cannot be
completed in the late Universe z ® 2× 106 due to the in-
efficiency of the interaction. Particularly, during 5× 104 ®
z ® 2× 106 corresponding with 50 Mpc−1 ® k ® 104 Mpc−1,
the photon-number-changing process such as the double
Compton scattering or the electron-positron annihilation
becomes inefficient and the photon fluid starts to deviate
from the Planck distribution though it can reach the ki-
netic equilibrium. Therefore the photon distribution can
be written by the general Bose-Einstein distribution whose
deviation from the Planck one can be parametrized by the
chemical potential µ˜. Conventionally the dimensionless µ
parameter µ = −µ˜/T is often used and it is constrained by
COBE/FIRAS as [62]
|µ|< 9×10−5. (15)
On the other hand, the estimated µ distortion originating
from the single k mode perturbation:
Pζ(k ) = Aδ(log k − log k∗), (16)
can be approximated by [15, 16]
µ∼ 2.2A

exp

− k∗
5400 Mpc−1

−exp

−

k∗
31.6 Mpc−1
2
.
(17)
Combining them, one can obtain the constraint on the pri-
mordial perturbations as
A ® 10−4, 50 Mpc−1 ® k ® 104 Mpc−1, (18)
which is quite severe from the viewpoint of PBH produc-
tion. We show the explicit form of the constraints in Fig. 3
as an orange region. Also future space missions such as
PIXIE [63] and PRISM [64] will improve the constraints on
µ to O (10−8–10−9).
We also summarize the PBH constraints for monochro-
matic spectra corresponding with these secondary GW and
µ distortion in Fig. 1 as green- and orange-shaded regions
(for secondary GWs we only consider the peak scale (14).
Note that the exact GW spectrum depends on the shape of
the power spectrum due to the momentum convolution,
and therefore one has to calculate the concrete GW spec-
trum for each predicted power spectrum to check whether
the PTA constraints are indeed satisfied or not.
Constraints summary. To illustrate the impact of the
above constraints on the curvature perturbation, we adopt
the following parametrization:
Pζ(k ) =

A

k
k∗
x
for k < k∗,
A

k
k∗
−y
for k∗ < k ,
(19)
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FIG. 4. The excluded parameter regions by the current PTA con-
straints (large green dots), the current µ constraint |µ| < 9× 10−5
(large orange dots), and the future prospect |µ| < 10−9 (small or-
ange dots) with the assumption that the PBH mass spectrum be-
comes maximal as ΩPBH/Ωc = 10−4 at 30M. The future SKA ex-
periment would exclude all regions though we do not plot them
to avoid a busy figure.
where A and k∗ are determined so that the resultant PBH
mass spectrum has a peak as ΩPBH/Ωc = 10−4 at 30M,
which slightly depend on x and y . A and k∗ depend also on
the uncertain factor γ, and for our fiducial value γ = 3−3/2,
it can be found k∗ ∼ 3.4×105 Mpc−1 from Eq. (1).
Fig. 4 shows the x -y regions excluded by the current
PTA and µ constraints and the future µ constraints. Ba-
sically, the PTA experiments make the spectrum steeper
above the peak frequency k∗, while the µ distortion does
below k∗. The allowed region slightly shrinks for a larger
abundance of PBH. The curvature perturbation should be
sharp enough to satisfy x ¦ 1.5 and y ¦ 2, which indicates
that simple single-field slow-roll inflation models are al-
ready disfavored as a candidate of LIGO events because the
tilt of the power spectrum x or y is slow-roll suppressed in
this case.
In the future, theµdistortion as small as |µ|® 10−9 can be
probed, for instance, by PIXIE [63] or PRISM [64] and they
almost exclude x ® 5. Also the SKA experiment may reach
ΩGWh
2 ∼ 10−15 and we checked that the induced GW can
be detected with this sensitivity almost irrespective of the
tilt of the power spectrum. Thus, many inflationary models
that are responsible for PBHs as the LIGO events could be
tested in the future.
Uncertainties. Here possible uncertainties/loopholes
in the above estimation are mentioned.
First, let us stress theγdependence again. As can be seen
in Eq. (2), the correspondence between the GW frequency
and the PBH mass has a γuncertainty, while the simple an-
alytic analysis gives γ = 3−3/2 [11]. Noting that the PTA ex-
periments and µ distortion constrain the scalar perturba-
tions on k ∼ p3kp/2 ¦ 106 Mpc−1 and k ® 105 Mpc−1 re-
spectively, the allowed range of γmay be around 0.02® γ®
2. Interestingly, the representative value, γ = 3−3/2, is still
allowed.
Second, the required value of the curvature perturba-
tion strongly depends on the threshold value of the den-
6sity contrast, δc [See Eq. (3)]. Some numerical studies in-
dicate a slightly larger value, e.g., δc ' 0.45 [38–40], than
that used in this paper, which results in slightly more sever
constraints. However note that the precise value of γ andδ
is still under discussion. Further investigations to narrow
down its precise value are quite important.
Finally, inflation models with an enhanced non-
Gaussianity can produce a larger/smaller amount of PBHs
depending on the sign of non-Gaussianity. The required
amplitude of the curvature perturbation to account for the
LIGO events can be smaller/larger. Hence the constraints
on GWs via the second-order effects and also those on the
small scale curvature perturbation via the µ distortion can
be weaker/stronger [46].
IV. CONCRETE EXAMPLE FOR THE LIGO EVENTS AVOIDING
PTA AND µ CONSTRAINTS
Double inflation. Now we are in a position to discuss a
concrete example where sufficient PBHs can be produced
for the LIGO events while current PTA and µ constraints
are avoided. Here we consider the double inflation model
proposed in Ref. [13]. This model consists of large field
inflation as a pre-inflation and a new inflation as a sec-
ond inflation. It is attractive, for the pre-inflation dynami-
cally solves the initial condition problem of the new infla-
tion [68]. Furthermore, the new inflation can yield sizable
scalar perturbations at the small scale without conflicting
the observed CMB spectrum, while the pre-inflation ac-
counts for the scalar perturbations at the large scale ob-
served by Planck [48].
To make our discussion concrete, we consider the fol-
lowing form for the inflaton potential:
V (φ,ϕ) =Vpre(φ) +Vstb(φ,ϕ) +Vnew(ϕ), (20)
Vnew(ϕ) =

v 2− g ϕn
M n−2Pl
2
−κv 4 ϕ2
2M 2Pl
− "v 4 ϕ
MPl
, (21)
Vstb(φ,ϕ) =cpot
Vpre(φ)
2M 2Pl
ϕ2, (22)
and as pre-inflation we adopt a quadratic potential Vpre =
1
2 m
2φ2 for simplicity.7
Generally speaking, we also expect Planck-suppressed
corrections to kinetic terms:
Lkin =−12∂µϕ∂
µϕ− 1
2

1− ckin
2M 2Pl
ϕ2

∂µφ∂
µφ+ · · · . (23)
7 Note here that this simple choice is not consistent with Planck’s results.
This is because the e -folding number of the pre-inflation for the ob-
servable Universe gets smaller than 60, and for the following new infla-
tion continues ∼ 30 e -folds here. As a result, the predicted ns and r are
shifted. However almost only the oscillatory behavior of φ is relevant
for small scale perturbations and it can be approximated by a quadratic
potential force at the leading order. Therefore we assume that our dis-
cussions for PBH formation are valid also for other large field inflation
than a quadratic potential.
Here we only keep terms that are relevant in the follow-
ing discussion. See App. C for its possible origin. Here
φ (ϕ) represents the inflaton responsible for the chaotic
(new) inflation; Vpre (Vnew) is the potential for the chaotic
(new) inflation; Vstb stabilizes ϕ during chaotic inflation.
cpot, ckin, g , κ, and " are dimensionless parameters; and
v is the scale of the new inflation. Hereafter we assume
cpot ∼ |ckin| ∼ O (1), cpot > 0, and ckin ¦−cpot.
The dynamics of the double inflation proceeds as fol-
lows. First, chaotic inflation takes place while φ slowly
rolls down the potential Vpre. During this regime, ϕ is sta-
bilized at ϕ ∼ "v 4MPl/(cpotVpre). After the end of chaotic
inflation, the φ oscillation induces another Hubble in-
duced mass term from Eq. (23), and ϕ is stabilized at
ϕ ∼ "v 4MPl/(cρpre) with c = 12 (ckin + cpot) until the en-
ergy of φ becomes ρpre ∼ v 4, where the new inflation
starts. Hence, the initial field value of ϕ can be estimated
as ϕi ∼ "MPl. The new inflation occurs until the slow-
roll condition fails at ϕe ∼ (v 2M n−4Pl /(2n (n − 1)g ))1/(n−2).
Finally, ϕ oscillates around the potential minimum lo-
cated at ϕm 'MPl(v 2/g M 2Pl)1/n with a mass scale of mϕ 'p
2n (v 2/MPl)(v 2/g M 2Pl)
−1/n . Suppose that ϕ decays via a
dimension-five Planck-suppressed operator.8 The reheat-
ing temperature can be evaluated as
TR ' 0.1
√√√m 3ϕ
MPl
' 0.2n 32 g 32n MPl

v
MPl
3− 3n
. (24)
Throughout this paper, we take this value of the reheating
temperature as a benchmark.
How to obtain sharp power spectrum. There are two
ways to realize a sharp peak on the power spectrum of the
curvature perturbation in this model (See also cyan solid
and black dashed lines in Fig. 3). In the following, we dis-
cuss both cases in turn.
In the case of ckin > 0, ϕ’s perturbation is not affected by
φ’s oscillation and the curvature perturbation generated
during new inflation is determined almost only by ϕ’s po-
tential form (see App. B). Therefore, in this case, one has
to take a sizable κ and make the power spectrum strongly
red-tilted (note that the tilt of the power spectrum n
S
− 1
is given by −6ε + 2η ' 2η where ε = (M 2Pl/2)(V ′/V )2 and
η = M 2PlV
′′/V ' −κ are the slow-roll parameters). The
power spectrum of curvature perturbations is
Pζ ∼

max

A

k
ki
3−2Reν
, Pζ

chaotic
∼ 10−9

for ki ¦ k ,
A

ki
k
2κ
for k ¦ ki ,
(25)
8 Since the new inflation requires an extremely flat potential, it may be
natural to assume that it only interacts with the Standard Model sector
via Planck-suppressed operators.
7where ν =
Æ
9/4−3cpot (see App. B), the amplitude is A =
v 4/(12pi2M 4Pl"
2), and ki is a comoving momentum that ex-
its the horizon at the onset of the new inflation, ki = ai Hi .
In terms of the parametrization in Eq. (19), x = 3−2Reν≤ 3
and y = 2κ. One can see that a sizable amount of scalar
perturbations are generated for " = αv 2/M 2Pl with α ∼O (1).9 Also, the power spectrum has a peak at k ∼ ki . If ki
corresponds to a PBH mass of ∼ 10M, PBHs responsible
for the LIGO events can be produced. See also Eq. (2).
The current PTA experiments push the scenario with
ckin > 0 on edge. This is because the slow-roll condition
forces the power not to be so steep |κ|  1, while the PTA
constraints require y = 2κ ¦ 2 as Fig. 4 shows. To demon-
strate this, we plot the concrete GW power spectrum for
n = 3,
v
MPl
= 5×10−5, κ= 0.76, α= "M
2
Pl
v 2
= 0.74,
g = 1.13×10−10, cpot = 1, ckin = 0.1, (26)
in Fig. 2, together with the steepest GW spectrum, i.e.,
ΩGW(k ) = ΩGW, peak(ki /k )4. We have also plotted the scalar
power spectrum in Fig. 3 and the PBH mass spectrum
Fig. 1. Note that we did not use the slow-roll approxima-
tions but numerically solved the full equation of motion for
the background fields and the linear perturbations to ob-
tain this power spectrum (see e.g., Ref. [69]). Although this
scenario is marginal due to the current PTA constraints, we
cannot immediately exclude it because of the uncertainty
in γ.
In addition, for a large κ, there exists an upper bound on
the new inflation scale v of our model. This is because the
e -folding number of the new inflation becomes smaller for
a larger κ, i.e.,
Nnew,tot '
∫ ϕi
ϕe
dϕ
M 2Pl
Vnew
V ′new
∼ 1
κ
ln
ϕe
ϕi
®

0.8
κ

31− 2
0.8
ln
v
1013 GeV
− 1
0.8
ln
α
0.8

, (27)
where we used the fact that ϕe cannot be much larger
than MPl for large κ ∼ O (0.1) even if the coupling g is very
small because inflation is ended by the negative mass term
−κv 4 ϕ2
2M 2Pl
around ϕ ∼MPl in this case. On the other hand,
we need a sufficiently long period of the new inflation to
have a heavy PBH with a mass comparable to ∼ 10M, i.e.,
Nnew( f )'29− ln f7×10−10 Hz
+
2
3
ln
v
1013 GeV
+
1
3
ln
TR
105 GeV
. (28)
Combining these two equations and inserting κ ∼ 0.8, α ∼
0.8, and TR ∼ 105 GeV, one finds a rough upper bound on
the new inflation scale: v ® O (1013) GeV. As a result, the
9 There is a lower bound α> 1/(2
p
3pi) to avoid the eternal inflation.
scenario proposed in Ref. [31] seems to be disfavored in the
case of ckin > 0, since it requires a high new inflation scale
v ¦ 1015 GeV to avoid the decay of the metastable elec-
troweak vacuum during the preheating stage after chaotic
inflation [70].10
In the case of ckin < 0, the Hubble induced mass for ϕ
can be canceled out in the oscillation phase of φ. As a
result, the modes which are on the superhorizon scale in
this phase can be steeply enhanced as described in App. B
in detail. Then it can realize a sharper fall-off than the
slow-roll case. Concretely speaking, the parameter y in
Eq. (19) is replaced from 2κ to 2κ + 4Reνosc where νosc =p
9/16−3cosc with cosc = (cpot + ckin)/2. Therefore if the
negative ckin sufficiently cancel out cpot, the power spec-
trum can steeply fall off as ∝ k−3 even if κ is negligibly
small.
Since now κ need not be large, the scenario in Ref. [31]
is still viable because the new inflation scale can be high.
Furthermore, if one takes a negativeκ, theϕ’s potential can
have a flat inflection point, making a second peak for the
scalar power spectrum [32]. We show the specific example
of the parameter set
n = 3,
v
MPl
= 10−4, κ=−0.61, α= "M
2
Pl
v 2
= 9.19,
g = 1.83×10−3, cpot = 0.681, ckin =−0.676, (29)
in Fig. 3. The resultant PBH mass spectrum and induced
GW spectrum are shown in Fig. 1 and 2. One can make an-
other low-mass bump on the PBH spectrum, correspond-
ing with the flat inflection point for κ < 0 [32]. It may be
detected by future gravitational lensing observations. Also,
the current PTA constraints are marginally avoided.
V. CONCLUSIONS
In this paper, we have discussed the possibility to inter-
pret the LIGO events as mergers of PBHs that are produced
by inflationary superhorizon fluctuations. If scalar fluctua-
tions during inflation are large enough, PBHs can be gener-
ated. Interestingly, while the formation of PBHs takes place
at the horizon reentering of overdense region, GW is simul-
taneously produced through the second-order effects. We
have demonstrated that the PTA experiments together with
theµ distortion of CMB play crucial roles to probe/exclude
this scenario.
The PTA experiments push the curvature perturbation
to be steeper below the peak frequency (∼ 3× 105 Mpc−1),
while the µ distortion does above it. Although the precise
constraints depend on the required abundance of PBHs to
account for the LIGO events, the spectral index has to be
quite steep: x ¦ 1.5 and y ¦ 2 even for ΩPBH,tot/Ωc ∼ 10−4.
10 If one assumes an additional inflationary phase after the new inflation,
this scenario would be realized.
8[Here we have used the parametrization of Pζ given in
Eq. (19).] The constraints become slightly stronger for a
larger PBH fractionΩPBH,tot/Ωc → 1. Note that simple small
field inflation models are already disfavored because it is
difficult to generate such a sharp spectrum owing to the
slow roll condition.
There are several uncertainties on the obtained con-
straints, such as the uncertain factor γ, the threshold value
of the density contrast δc , and non-Gaussianity. First, re-
cent numerical studies suggest a slightly larger value for the
threshold value, δc ' 0.45 [38–40], than that of the sim-
ple analytical result, δc = 1/3. Since the larger thresh-
old results in stronger constraints, we take the latter one
conservatively. Second, the viable range of γ is restricted
by the PTA experiments and the µ distortion as 0.02 ®
γ ® 2. The representative value, γ = 3−3/2, obtained from
the simple analytic analysis is still allowed. Finally, in-
flation models with an enhanced non-Gaussianity at the
small scale can produce a larger/smaller amount of PBHs,
depending on the sign of the non-Gaussianity parameter.
Thus, the constraints on the curvature perturbation can be
weaker/stronger for these models [46].
Then, we take the double inflation model proposed in
Ref. [13] as an example. Most of the parameters are already
excluded because it is difficult to generate the required
sharp spectrum due to the slow roll condition: Pζ∝ k nS−1
with n
S
− 1 ' 2η while |η|  1. We have proposed a
new mechanism to obtain the sharp spectrum within this
model. If the Hubble induced mass disappears after the
end of chaotic inflation, the scalar perturbation can be dra-
matically enhanced, which results in a steep GW spectrum.
In this case, the constraints can be marginally avoided.
Other than our scenario, such a sharp peak could be real-
ized in e.g., multi-field double inflation [29, 30], single-field
double inflation [14, 71], curvaton scenarios [72, 73], and
gauge field production models [74, 75].
Finally, let us summarize the future prospects of infla-
tionary PBHs for the LIGO events. Theµdistortion as small
as µ∼ 10−9 may be probed by the future CMB observation,
e.g., PIXIE [63] or PRISM [64], which could constrain the
spectral index as large as x ∼ 5. Also the future PTA ex-
periment, such as SKA, will probe the density parameter
of GWS as small as ΩGWh
2 ∼ 10−15 and clarify/exclude the
simple inflationary scenario which produce PBHs by Gaus-
sian large scalar perturbations almost irrespective of the tilt
x and y .
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Appendix A: Derivation of GWs from Second-order Effects
Notation and conventions. Throughout this paper, we
take the (−+++) convention for the metric, gµν. The Rie-
mann curvature tensor is defined as
Rαβµν = 2

∂[µ Γ
α
ν]β + Γ
α
λ[µ Γ
λ
ν]β

, (A1)
where the connection is given by
Γ αβµ =
g ασ
2

gσβ ,µ + gµσ,β − gβµ,σ

. (A2)
Here the square bracket [µ1µ2 · · · ] represents anti-
symmetrization of the tensor indices µ1µ2 · · · . The
normalization of anti-symmetrization is defined as
[µ1µ2 · · ·µn ] = 1n !
∑
σ=(i1,...,in )
sign(σ)µi1µi2 · · ·µin . (A3)
Here the summation is taken over all the permutations of
(i1, . . . , in ) denoted as σ. For even (odd) permutations, the
sign function, sign(σ), gives +1 (−1). The Ricci tensor and
the curvature scalar are defined respectively, by
Rµν = R
α
µαν , (A4)
R = Rµµ . (A5)
The Einstein tensor is given by
Gµν = Rµν −
gµν
2
R . (A6)
Thus, the Einstein equation is
Gµν =
1
M 2Pl
Tµν , (A7)
with Tµν being the energy-momentum tensor.
In this paper, we consider the following perturbed met-
ric:
g00 =−a 2(1+2Φ), (A8)
g i j = a
2

(1−2Ψ)δi j + 12 hi j

. (A9)
Here we take the Newton gauge and also neglect vector per-
turbations. It involves scalar perturbations, Φ and Ψ, and
tensor perturbation, hi j , which is the transverse-traceless
component, ∂i h
i
j = h
i
i = 0. We assume that the lowest order
tensor perturbation can be neglected and consider that in-
duced from second-order scalar perturbations. Hence, we
expect h ∼ Φ2 ∼ Ψ2 for order counting. The contravariant
metric is obtained from gµνg
νσ =δσµ :
g 00 =− 1
a 2
(1−2Φ) , (A10)
g i j =
1
a 2

(1+2Ψ)δi j − 1
2
h i j

. (A11)
9Here we keep relevant terms sufficient for our purpose.
Note that the tensor perturbation with upper indices, h i j ,
is defined by h i j =δi kδ j l hk l
In this normalization of tensor perturbation, the second-
order action for tensor perturbation can be expressed as
Sh =
M 2Pl
32
∫
dηd3 x a 2
h
h ′i j
2−  ∇hi j 2i , (A12)
with η being the conformal time, and the prime being a
derivative with respect to η. The energy density of gravi-
ton well inside the horizon may be given by
ρGW ' M
2
Pl
16
1
a 2


hi j ,k hi j ,k

, (A13)
where the bracket indicates the expectation value, and the
overline stands for the oscillation average to fulfill 〈h ′2〉 '
〈(∇h )2〉. It is useful to decompose hi j into two polariza-
tions:
hi j (η,x) =
∫
d3k
(2pi)3/2

ei j (k)hk(η) + e¯i j (k)h¯k(η)

e ik·x.
(A14)
The polarization tensors are defined by
ei j (k)≡ 1p
2

ei (k)e j (k)− e¯i (k)e¯ j (k) , (A15)
e¯i j (k)≡ 1p
2

ei (k)e¯ j (k) + e¯i (k)e j (k)

, (A16)
where e(k) and e¯(k) are two independent unit vectors or-
thogonal to k, satisfying e · e¯ = 0. Thus, the polarization
tensors satisfy the following relations: ei j ei j = e¯i j e¯i j = 1
and ei j e¯i j = 0. Assuming the translational invariance, let
us define the power spectrum of tensor perturbation


hk(η)hq (η)

=:δ(k+q)× 2pi2
k 3
Ph (η, k ). (A17)
We expectPh =Ph¯ for C P conserving background.
Plugging Eq. (A14) into Eq. (A13), and using Eq. (A44),
one can express the energy density of GWs as a function
of tensor power spectrum:
ρGW(η) =
∫
d ln k ρGW(η, k ), (A18)
ρGW(η, k )≡ M
2
Pl
8

k
a
2
Ph (η, k ). (A19)
Here we have used the fact that the polarization tensors de-
fined in Eqs. (A15) and (A16) are normalized by ei j ei j =
e¯i j e¯i j = 1. It is useful to define the density parameter of
GWs normalized by the critical density of the Universe:
ΩGW(η, k )≡ ρGW(η, k )ρcrit =
1
24

k
a H
2
Ph (η, k ). (A20)
Second-order Einstein equation. Here we summarize
the second-order Einstein equation which is required to
study GWs production from the second-order effects. For
clarity, we summarize basic assumptions (some of them
are already mentioned): (i) negligible vector perturbations,
(ii) negligible first order tensor perturbation, and (iii) neg-
ligible skewness, i.e., Φ=Ψ.
The spatial component of second-order Einstein tensor
is given by
Tˆi j ;k l δk k ′G (2)k ′l = 1a 2

1
4

h ′′i j +2H h ′i j −∇2hi j

+ Tˆi j ;k l S˜k l

,
(A21)
where
S˜i j = 4Ψ∂i ∂ jΨ +2∂iΨ∂ jΨ. (A22)
The second-order energy-momentum tensor is
Tˆi j ;k l δk k ′T (2)k ′l
= Tˆi j ;k l
M 2Pl
a 2

4
3(1+ w )
∂k

Ψ ′
H +Ψ

∂l

Ψ ′
H +Ψ

. (A23)
To extract the transverse-traceless component, we have
used the projection operator,Pi j ;k l . It acts as a projection
to the transverse-traceless part:
Tˆi j ;k l Tˆk l ;mn = Tˆi j ;mn , ∂i Tˆi j ;k l •k l = Tˆi i ;k l •k l = 0, (A24)
where •i j is an arbitrary second-order tensor. From the
transverse-traceless component of the second-order Ein-
stein equation
Tˆi j ;k l δk k ′G (2)k ′l = 1M 2Pl Tˆi j ;k l δk k ′T
(2)k ′
l , (A25)
we obtain the equation of motion for GWs
h ′′i j +2H h ′i j −∇2hi j =−4Tˆi j ;k l Sk l , (A26)
where the source term is given by
Si j ≡4Ψ∂i ∂ jΨ +2∂iΨ∂ jΨ (A27)
− 4
3(1+ w )
∂i

Ψ ′
H +Ψ

∂ j

Ψ ′
H +Ψ

. (A28)
Here we have used Tˆi j ;k l hk l = hi j . In terms of polarization
tensors, the source term can be expressed as
Tˆi j ;k l Sk l =
∫
d3k
(2pi)3/2
e ik·xTˆi j ;k l (k)Sk l (k), (A29)
where
Tˆi j ;k l (k)≡ ei j (k)ek l (k) + e¯i j (k)e¯k l (k). (A30)
One can see that Tˆi j ;k l (k) satisfies Eq. (A24). By performing
the Fourier transform, one obtains the equation of motion
for each polarization of GWs as follows:
h ′′k(η) +2H h ′k (η) +k 2hk(η) = 4Sk(η), (A31)
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where
Sk(η) =
∫
d3q
(2pi)3/2
ei j (k)qi q j

2Ψq(η)Ψk−q(η)
+

Ψ ′q(η)
H +Ψq(η)

Ψ ′k−q(η)
H +Ψk−q(η)

.
(A32)
Here the Fourier transform of scalar perturbation is de-
fined by
Ψ(η,x) =
∫
d3k
(2pi)3/2
e ik·xΨk(η). (A33)
Energy density of GWs. Here we derive a useful expres-
sion for the energy density of GWs using Eqs. (A44) and
(A20). The equation of motion for hk, given in Eq. (A31),
can formally be solved by means of the Green function:
hk(η) =
4
a (η)
∫ η
dη′G (h )k (η,η′)

a (η′)Sk(η′)

, (A34)
where
G (h )
′′
k (η,η
′) +

k 2− a ′′
a

G (h )k (η,η
′) =δ(η−η′). (A35)
We are mostly interested in scales which enter the horizon
in the radiation-dominated era, and we also assume that
the Universe is dominated by radiation from the reheat-
ing to the matter-radiation equality, ηeq. Hence, the Green
function during the radiation-dominated era is sufficient
for our purpose:
G (h )k (η,η
′) =
sin

k
 
η−η′
k
for η>η′. (A36)
The linear order scalar perturbation can be split into two
parts; the primordial perturbation, ψk, and the transfer
function, Ψ(kη):
Ψk(η) =Ψ(x )ψk with x ≡ kη. (A37)
The explicit form of the transfer function during the
radiation-dominated era is given by
Ψ(x ) =
9
x 2

sin
 
x/
p
3

x/
p
3
− cos  x/p3 for η<ηeq. (A38)
In the matter-dominated era, the transfer function be-
comes constant, Ψ(x ) = const.. Assuming the translational
invariance, we define the power spectrum of the primor-
dial scalar perturbation as follows:

ψkψq
≡δ(k+q)× 2pi2
k 3
PΨ (k ). (A39)
The scalar perturbation, Ψ, is related to the curvature per-
turbation, ζ, for kη  1 as Ψ = −2ζ/3 in the radiation-
dominated era, which indicates
PΨ (k ) = 49Pζ(k ). (A40)
Now we are in a position to derive a formula which re-
lates the curvature power spectrum to the tensor power
spectrum. As can be seen from Eq. (A34), the power spec-
trum of GWs can be obtained from a two point function of
the source term:


Sk(η1)Sk′ (η2)

=
∫
d3k˜ d3k˜ ′
(2pi)3
ei j (k)k˜i k˜ j ei j (k
′)k˜ ′i k˜ ′j
× f (k˜,k− k˜,η1) f (k˜′,k′− k˜′,η2)
ψk−k˜ψkψk′−k˜′ψk′ ,
(A41)
where
f (k1,k2,η)≡2Ψ(x1)Ψ(x2)
+

Ψ ′(x1)
H +Ψ(x1)

Ψ ′(x2)
H +Ψ(x2)

, (A42)
with xi ≡ kiη. Here note that the prime stands for a
derivative with respect to η not x . One can clearly see
that f (k1,k2,η) is symmetric under k1 ↔ k2, and that
it is invariant under ki → −ki. For our normalization
of the polarization tensors, given in Eq. (A15) [Eq. (A16)],
the projection becomes ei j (k)k˜i k˜ j = k˜ 2 sin2θ cos 2ϕ/
p
2
with θ and ϕ being defined by cosθ ≡ k · k˜/k k˜ and
by the azimuthal angle of k˜, respectively. Non-vanishing
contributions of


ψk−k˜ψkψk′−k˜′ψk′

come from two con-
nected parts, which are proportional to δ(k + k′)δ(k˜ +
k˜′)PΨ (k˜ )PΨ (|k−k˜|) orδ(k+k′)δ(k−k˜+k˜′)PΨ (k˜ )PΨ (|k−k˜|).
Noting that f (k1,k2,η) is invariant under k1↔k2 and/or
ki → −ki, and that the projection ei j (k)k˜i k˜ j is invariant
under k→−k and/or k˜→−k˜, one can see that these two
contributions are essentially the same after the integration
of k˜′. Thus, one finds


Sk(η1)Sk′ (η2)

=
2pi2
k 3
δ(k+k′) 4
81
∫ ∞
0
dk˜
∫ 1
−1
dµ
k 3k˜ 3k− k˜3  1−µ22
× f (k˜,k− k˜,η1) f (k˜,k− k˜,η2)Pζ(k˜ )Pζ(|k− k˜|). (A43)
To simplify the expression, let us rewrite the equation in
terms of u ≡ |k−k˜|/k and v ≡ k˜/k instead of k˜ andµ. After
some algebra, we eventually get the following formula for
the tensor power spectrum:
Ph (η, k ) = 6481

a0/η0
k a (η)
2∫ ∞
0
dv
∫ 1+v
|1−v |
du I 2(v, u , x )
×
4v 2−  1−u 2 + v 22
4v u
2Pζ(k v )Pζ(k u ), (A44)
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where
I (v, u , x )≡
∫ x
0
dx¯

k
a (η¯)η0
a0

kGk(η, η¯)

f (k˜,k− k˜, η¯)
=
∫ x
0
dx¯ x¯ sin (x − x¯ ) 3Ψ(v x¯ )Ψ(u x¯ )
+ x¯

Ψ(v x¯ )uΨ ′(u x¯ ) + vΨ ′(v x¯ )Ψ(u x¯ )
	
+ x¯ 2u vΨ ′(u x¯ )Ψ ′(v x¯ )

,
(A45)
with x ≡ kη, and x¯ ≡ k η¯. Note here that Ψ ′ does not repre-
sent the derivative of Ψ with respect to η, but instead, with
respect to x . This expression is valid for modes that en-
ter the horizon in the radiation-dominated era, as long as
η<ηeq.
Finally, let us discuss the current energy density of GWs.
The density parameter of GWs remains almost constant for
a sufficiently large η during the radiation-dominated era,
i.e., η < ηeq, because the growth of the scale factor a
4(η)
and the decay of H 2 cancel out [see Eqs. (A20) and (A44)].
After the matter-radiation equality, η > ηeq, the amount of
energy carried by GWs decreases because GWs well inside
the horizon behave as radiation while the Universe is domi-
nated by matter. Multiplying this dilution factor by the cos-
mic expansion, we obtain the following expression for the
current density parameter of GWs:
ΩGW(η0, k ) =

a 2c Hc
a 20 H0
2
ΩGW(ηc, k ) =Ωr,0ΩGW(ηc , k ), (A46)
where a0(= 1) and ac are scale factors at present and at the
time ΩGW becomes constant respectively. ηc (< ηeq) rep-
resents a time before the matter-radiation equality after
which the GW density parameter becomes constant. Ωr,0
is the density parameter of radiation at present. Thus, all
we have to compute is the density parameter at ηc :
ΩGW(ηc , k ) =
8
243
∫ ∞
0
dv
∫ 1+v
|1−v |
du
4v 2−  1−u 2 + v 22
4v u
2
×Pζ(k v )Pζ(k u )I 2(v, u , k/kc ).
(A47)
Here we have used the useful formulas valid in the
radiation-dominated era: a = a0η/η0,H = a H = η−1 and
xc = kηc = k/kc with kc being a comoving momentum
that enters the horizon at ηc .
Finally, we would like to comment on one missing effect
in this calculation. As emphasized in Refs. [19, 22], this sim-
ple argument misses the fact that the GWs in the subhori-
zon regime do not always propagate freely because of the
presence of the source term. Before the matter-radiation
equality, the source term decreases faster than the GWs
amplitude, and thus we can safely neglect this effect. But,
afterwards, the source term becomes constant while the
amplitude of GWs decreases by the cosmic expansion. As
a result, GWs produced by this constant source term could
dominate over those produced at the horizon reentry in
the radiation-dominated era. As discussed in Refs. [19, 22],
this effect can be neglected for a sufficiently small scale
k ¦ kcrit ' 1 Mpc−1. Since we are interested in scales shorter
than this scale, we can rely on the simply formula given in
Eqs. (A46) and (A47).
Monochromatic scalar perturbation. As the end of
this appendix, let us see the analytic approximation of GWs
in the case of the monochromatic scalar perturbations,
that is,
Pζ(k ) = Aζδ(log k − log k∗). (A48)
For this power spectrum, the GW density parameter (A47)
reads
ΩGW(ηc , k ) =
8
243
θ

1− k
2k∗

1−

k
2k∗
22 k∗
k
2
× I 2

k∗
k
,
k∗
k
,
k
kc

A2ζ, (A49)
where θ (x ) is the step function. I (k∗/k , k∗/k , k/kc ) is given
by Eq. (A45) as
I

k∗
k
,
k∗
k
,
k
kc

=
∫ k/kc
0
dx¯ sin

k
kc
− x¯

x¯
× 3Ψ2(k∗η¯) +2k∗η¯Ψ(k∗η¯)Ψ ′(k∗η¯) +k 2∗ η¯2Ψ ′(k∗η¯) . (A50)
With use of the dominant terms of the integrant for large η¯
for simplicity, it can be approximated as
I

k∗
k
,
k∗
k
,
k
kc

∼ 27
2

k
k∗
2∫ k∗/kc
0
dx¯∗ sin

k
kc
− k
k∗
x¯∗

1
x¯∗

1− cos

2p
3
x¯∗

,
(A51)
after changing the integration variable to x¯∗ = k∗η¯. This in-
tegral actually has a logarithmic singularity at k = 2k∗/
p
3;
otherwise, it can be solved as
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I

k∗
k
,
k∗
k
,
k
kc

∼27
4

k
k∗
2 
Si

2p
3
+
k
k∗

k∗
kc

−2Si

k
kc

−Si

2p
3
− k
k∗

k∗
kc

cos

k
kc

−

Ci

2p
3
+
k
k∗

k∗
kc

−2Ci

k
kc

+Ci
 2p3 − kk∗
 k∗kc

− log
43 k 2∗k 2 −1
sin kkc

. (A52)
Here Si(x ) and Ci(x ) are the sine integral and the cosine in-
tegral defined by
Si(x ) =
∫ x
0
sin t
t
dt , Ci(x ) =−
∫ ∞
x
cos t
t
dt . (A53)
With use of their limits:
lim
x→±∞Si(x ) =±
pi
2
, lim
x→∞Ci(x ) = 0, (A54)
the asymptotic form of I (k∗/k , k∗/k , k/kc ) for large ηc =
k−1c reads
I

k∗
k
,
k∗
k
,
k
kc

ηc→∞∼

−27
4

k
k∗
2 
picos

k
kc

− log

4
3
k 2∗
k 2
−1

sin

k
kc

, for k <
2p
3
k∗,
27
4

k
k∗
2
log

1− 4
3
k 2∗
k 2

sin

k
kc

, for k >
2p
3
k∗.
(A55)
Therefore one can obtain its squared kηc -periodic average as
I 2

k∗
k
,
k∗
k
,
k
kc

∼

1
2

27
4
2  k
k∗
4
pi2 + log2

4
3
k 2∗
k 2
−1

, for k <
2p
3
k∗,
1
2

27
4
2  k
k∗
4
log2

1− 4
3
k 2∗
k 2

, for k >
2p
3
k∗,
(A56)
after a composition of the trigonometric functions. Substi-
tuting it into Eqs. (A46) and (A49), one can see the current
density parameter of GWs induced by the monochromatic
scalar perturbations (A48).
Eq. (A56) obviously shows a singular peak at k = 2k∗/
p
3,
but the integral around this singularity does converge. For
example, the current GW density for one logarithmic wave-
length bin around the peak scale kp = 2k∗/
p
3 can be eval-
uated as∫ log kp +1/2
log kp−1/2
d log k ΩGW(η0, k )h
2
' 1.2×10−8

Ωr,0h
2
4.2×10−5
 Aζ
0.01
2
. (A57)
Therefore one can use this value practically for the peak
GW.
Appendix B: Analytic comprehension for multiple horizon
crossing modes
Here we proceed with the analytic comprehension for
the modes which exit the horizon around the end of the
pre-inflation, reenter the horizon during the oscillation
phase, and then reexit the horizon around the beginning of
the second new inflation, extending the discussion in the
appendix of Ref. [32].
The linear equation of motion (EoM) for perturbations
which have a generic Hubble induced mass term 32 c H
2ϕ2
is given by
0∼

δϕ¨+3Hδϕ˙+3c H 2δϕ, k  a H ,
δϕ¨+3Hδϕ˙+
k 2
a 2
δϕ. k  a H . (B1)
Here we neglected the effect of metric perturbations for
simplicity though we include them in the main body of this
paper.
The subhorizon EoM can be rewritten as
∂ 2η (aδϕ) +k
2(aδϕ)' 0, (B2)
with use of the conformal time a dη = dt and in the sub-
horizon limit. Therefore it only has oscillating solutions
whose amplitudes decrease as a−1. On the other hand, in
the case where the background equation of state is given
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FIG. 5. The schematic image of the multiple horizon crossing
mode k . apre,f and anew,i represent the time of the end of the pre-
inflation and the beginning of the second new inflation.
by w = p/ρ >−1 (a ∝ t 23(1+w ) ), the superhorizon EoM reads
δϕ¨+
2
(1+ w )t
δϕ˙+
4c
3(1+ w )2t 2
δϕ = 0. (B3)
Its dominant mode decays as t −Re

1−w
2(1+w )

1−Ç1− 16c
3(1−w )2

, that is,
the decay factor is t − 1−w2(1+w ) ∝ a− 3(1−w )4 if c ≥ 3(1−w )216 , and oth-
erwise t −
1−w
2(1+w )

1−Ç1− 16c
3(1−w )2

∝ a− 3(1−w )4

1−Ç1− 16c
3(1−w )2

. In partic-
ular, in the massless limit c → 0, the dominant mode is
constant consistently with intuition. In the exact de Sit-
ter background, the two solutions can easily be found as
δϕ∝ exp − 32 H t 1±q1− 43 c  since the Hubble param-
eter is constant. Therefore the dominant mode damps
as a−
3
2

1−Req1− 43 c  and actually this damping factor is an
extension of the above one for w > −1 to the de Sitter
case w = −1. In summary, the amplitude of the pertur-
bations decreases as a−1 in the subhorizon limit and as
a− 3(1−w )4 +Reν in the superhorizon limit where ν is defined as
ν=
r 
3(1−w )
4
2−3c .
Now let us evaluate the total damping factor, following
the schematic illustration of Ref. [32] as Fig. 5. In this im-
age, apre,f and anew,i represent the time of the end of the
pre-inflation and the beginning of the second new infla-
tion, and the mode k crosses the horizon three times, at
a1, a2, and a3. Before calculating the total damping fac-
tor, note that the coefficient of the Hubble induced mass
c during the pre-inflation can be different from that dur-
ing the oscillation phase. In terms of the notation of the
main text, the former one is given by cpot and the latter one
is c = 12 (cpot + ckin) if φ oscillates with a quadratic poten-
tial. Let us refer to their corresponding ν as νpre and νosc
respectively.
Then, with use of the above decaying formula, the am-
plitude of δϕ at a3 is estimated as
δϕ|3 ∼ Hpre2pi
apre,f
a1
− 32 +Reνpre  a2
apre,f
− 3(1−w )4 +Reνosc
×

anew,i
a2
−1 a3
anew,i
−1
. (B4)
Noting that the horizon scale a H is proportional to a− 1+3w2 ,
it can be rewritten as
δϕ|3 ∼ Hpre2pi

a H |pre,f
k
− 32 +Reνpre  k
a H |pre,f
 3(1−w )
2(1+3w )− 21+3w Reνosc
×

a H |new,i
k
 2
1+3w

k
a H |new,i
−1
=
Hpre
2pi

a H |pre,f
a H |new,i
− 3(1+w )1+3w  k
a H |pre,f
−Reνpre− 21+3w Reνosc
.
(B5)
Finally, with use of a H ∝ a− 1+3w2 ∝ρ 1+3w6(1+w ) , one can obtain
δϕ|3 ∼ Hpre2pi

ρpre
ρnew
−1/2 k
a H |pre,f
−Reνpre− 21+3w Reνosc
' Hnew
2pi

k
a H |pre,f
−Reνpre− 21+3w Reνosc
. (B6)
Therefore if ϕ is sufficiently massive both during the pre-
inflation and the oscillation phase as Reνpre = Reνosc = 0,
the amplitude of δφ at the second horizon exit is simply
given by Hnew/2pi and the curvature perturbation gener-
ating at this time can be estimated in the standard way
as we studied as a first example in the main text. On
the other hand, if the Hubble induced mass is as small as
Reνpre or Reνosc > 0, the spectrum of δϕ|3 can be strongly
red-tilted. Furthermore the k dependence of the ampli-
tude of the longer wavelength modes k < a H |new,i at anew,i
is simply given by the damping factor during the pre-
inflation phase k
3
2−Reνpre since those modes are equally su-
perhorizon during the oscillation phase. Therefore, for
large cpot and small c (or equivalently small Reνpre and
large Reνosc), a sharp peak of δϕ can be obtained on k ∼
a H |new,i as a second example in the main text.
Appendix C: Double Inflation in SUGRA Framework
Here we present a concrete supergravity (SUGRA) model
as an origin of the potential given in the main text, follow-
ing Refs. [32, 76]. We use the natural unit MPl = 1 in this
section for simplicity.
The model is based on discrete R symmetry Z2nR which
is broken down to a discrete Z2R during and after the sec-
ond new inflation. The R -invariant super- and Kähler po-
tential are given by
W =v 2Φ− g
n +1
Φn+1 +mS X +W0, (C1)
K = |Φ|2 + 1
2
(S +S ∗)2 + |X |2
+
κ
4
|Φ|4 +λ|Φ|2|X |2 + ξ
2
|Φ|2 (S +S ∗)2 . (C2)
Here S and Φ include the inflatonsφ andϕ for chaotic and
new inflation respectively as their scalar components, and
14
X is called the stabilizer. Also we include a constant term
W0 in the superpotential. Here Φ and X are assumed to
have R charge 2, and S and X have additional Z2 charge
1. The Kähler potential is written by invariant terms un-
der this symmetry, including relevant higher order terms.
In addition, we suppose a shift symmetry for S so that the
Kähler potential is invariant under the shift ImS → ImS +α
for an arbitrary α.
For these super and Kähler potentials, the scalar poten-
tial is given by
V = eK

K j¯ i Di W D j¯ W
∗−3|W |2 , (C3)
where bars denote complex conjugation, K j¯ i is the inverse
of the Kähler metric Ki j¯ = ∂ 2K /∂ φi ∂ φ¯ j¯ , and Di is a co-
variant derivative Di W = Wi + Ki W . Then, defining the
inflaton for chaotic and new inflation by ϕ =
p
2ReΦ and
φ =
p
2ImS ,11 and assuming other degrees of freedom are
stabilized at their origin due to the Hubble induced mass,
the leading terms of the potential are given by
V 'v 4−2p2W0v 2ϕ− κ2 v
4ϕ2− g
2
n
2 −1 v
2ϕn +
g
2n
ϕ2n
+
1
2
m 2φ2

1+
1−λ
2
ϕ2

. (C4)
On the other hand, the kinetic terms are given by
Lkin =−Ki j¯ ∂µφ¯ j¯ ∂ µφi . (C5)
For relevant fields ϕ and χ , it reads
Lkin ⊃−12

1+
κ
2
ϕ2

(∂ ϕ)2− 1
2

1+
ξ
2
ϕ2

(∂ φ)2. (C6)
Then the model which we considered in the main text has
been derived.12
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